Introduction
Let (T n ) be the Tribonacci sequence, defined by the recurrence relation
and the initial values T 1 = 1, T 2 = 1 and T 3 = 2. In this paper we will prove the following theorem:
Theorem 1.1. Let p be a prime number not equal to 11 or 19. Then T p−1 is divisible by p if and only if p = x 2 + 11y 2 for x, y ∈ Z.
The extra conditions given by p = 11, 19 are indeed necessary, since T 10 = 149 is not divisible by 11 and 11 is of the form x 2 + 11y 2 , and T 18 = 19513 = 19 · 1027 is divisible by 19, even though 19 is not of the form x 2 + 11y 2 . The authors are under the impression that this second exception has no deeper number-theoretic relevance and deem it to be an accident of sorts. Indeed, its sudden appearance in the proof of Theorem 1.1 will probably make this point of view clear. The appearance of 11 in this Theorem however is natural, as it is one of the ramifying primes in the extension Q ⊂ Q(α), where α is a root of x 3 − x 2 − x − 1. There is an analogous statement for Fibonacci sequences, whose proof can be found in [CBK + 46, Lehrsatz, Page 76] or [Dic99, Volume 1, Chapter XVII]. For a prime number p not equal to 2 or 5, it states that F p−1 is divisible by p if and only if 5 is a square in F p , which happens exactly when p ≡ 1, 4 mod 5. Note that 5 is the only ramifying prime in the extension Q ⊂ Q( √ 5). The proof of Theorem 1.1 uses class field theory to give the splitting behavior of primes in the number field Q(α), where α is a zero of f = x 3 − x 2 − x − 1. Here we find that a prime p = 11 splits completely in Q(α) if and only if p = x 2 + 11y 2 . In other words, f mod p has three distinct zeros in F p if and only if p = x 2 + 11y 2 . We then use this criterion on the known explicit formula for the Tribonacci sequence in terms of the zeros of f = x 3 − x 2 − x − 1. These formulas are exponential of nature, allowing us to reduce them using Frobenius.
For the Tetranacci numbers, defined by T n+4 = T n+3 + T n+2 + T n+1 + T n and T 0 = 0, T 1 = 1, T 2 = 1 and T 3 = 2, the resulting polynomial f = x 4 − x 3 − x 2 − x − 1 has Galois group S 4 . Since S 4 is solvable, this means that one can again use class field theory on the intermediate fields. For the Pentanacci numbers (which are defined in a similar way), the resulting polynomial has Galois group S 5 , which is not solvable, meaning that one cannot use class field theory here.
Throughout this paper we will freely use theorems and concepts from class field theory such as the Artin reciprocity law and the conductor of an abelian extension of number fields. For an introduction to this subject, the reader is referred to [Ste02] , [Lan94] , [Gra03] and [Neu99] .
Splitting behavior
Let α be a root of f = x 3 − x 2 − x − 1 and consider the cubic number field E = Q(α). The polynomial f has discriminant −44 = −2 2 · 11, and since f ≡ (x − 1) 3 mod 2 and f (1) = −2 / ∈ 2 2 Z, we see that Z[α] is regular and totally ramified over 2. In particular we obtain
, we have that L/K is a cyclic extension of degree 3 and we will apply class field theory to this extension.
We wish to compute the conductor f = f L/K . Any prime p = 2, 11 is unramified in E and hence also in its normal closure L, so ord p (f) = 0 for any prime p of K not lying over 2 or 11. Now 2 is inert in K as −11 ≡ 5 mod 8 and it is totally ramified in E. As the ramification index is multiplicative in towers of field extensions, we conclude that the prime (2) of K ramifies in L. We then see that (2) is tamely ramified in L/K and thus ord (2) f = 1. Let p 11 denote the unique prime over 11 in K. If p 11 were to ramify in L, then 11 would be totally ramified in E. This would imply that the different D E is divisible by the square of the prime over 11 in E and this would then yield ord 11 (∆ E ) ≥ 2, which is not the case. One could also just factorize f modulo 11 to see that 11 is not totally ramified. We conclude that p 11 is unramified in L. As K is complex there are no infinite primes dividing f, so we conclude that f = (2).
This discussion implies that L is contained in the ray class field H f . The degree [H f : K] is the order of the ray class group Cl f , which fits inside the exact sequence
where O = O K . As Cl K = 1, (O/2) * has order 3 and |Cl f | divides 3, we conclude that Cl f has order 3, hence L = H f = H 2 . We now prove Theorem 2.1. With the notation as above, a prime p = 11 splits completely in L if and only if p = x 2 +11y 2 for some x, y ∈ Z.
Proof. Since L = H f we have the Artin reciprocity law
which tells us that a prime p = (2) of K splits completely in L if and only if p = (x) for some x ≡ 1 mod 2O K , see for example [Ste02, Theorem 1.12]. This will be the main ingredient of the proof.
(⇒) Suppose that p splits completely in L. Then p splits in K so there is a prime p in K of norm p that splits in L. Because of the Artin reciprocity law, this implies that p = (1 + 2a) for some a ∈ O K . But 2a ∈ Z[ √ −11], so we can write 1 + 2a = x + y √ −11 for x, y ∈ Z. We then conclude
(⇐) Suppose that p = x 2 + 11y 2 . We then have pO K = pq for p = (x + y(2a − 1)) and q = (x − y(2a − 1)),
. Clearly p and q are not 1 so they both have norm p. In particular they are prime ideals. They are distinct because p = 11 so p is split in K. Reducing p = x 2 + 11y 2 modulo 2 we see that x + y ≡ 1 mod 2. Reducing the generators of p and q modulo 2O K then yields x ± y(2a − 1) ≡ x + y + 2ay ≡ 1 mod 2O K , so we conclude from the Artin reciprocity law that p and q split in L, hence p splits completely in L.
Note that a prime p splits completely in E if and only if it splits completely in the normal closure L. As O E = Z[α], the Kummer-Dedekind theorem then yields that x 3 − x 2 − x − 1 has three distinct roots in F p if and only if p splits completely in E. Thus the content of Theorem 2.1 can be rephrased by saying that for a prime p = 11 we have x 3 − x 2 − x − 1 has three distinct roots modulo p ⇔ p = x 2 + 11y 2 for some x, y ∈ Z.
Tribonacci numbers
The Tribonacci sequence (T n ) is defined by the recurrence relation
with initial values T 1 = 1, T 2 = 1 and T 3 = 2. We now take any root α of the polynomial x 3 − x 2 − x − 1. The sequence (a n ) defined by a n = α n then satisfies the recurrence relation in Equation 2 but with different initial values. Labeling the three roots of x 3 −x 2 −x−1 by {α, β, γ}, we easily see that any linear combination c 1 α n + c 2 β n + c 3 γ n also satisfies the recurrence relation. We will now choose the c i such that the sequence defined by
satisfies d 1 = T 1 , d 2 = T 2 and d 3 = T 3 . In fact, for our choice of c i , we will show that d 0 = 0, d 1 = 1 and d 2 = 1. This then implies that d 3 = 2 and thus d n = T n for every n.
We take
Note that δ 2 = ∆ E . We then have
Lemma 3.1. Let (T n ) be the Tribonacci sequence and let the c i be as above. Then
Proof. Since (T n ) and (d n ) both satisfy the recurrence in Equation 2, it suffices to show that T n = d n for n = 1, 2, 3. To do this, we will show that d 0 = 0, d 1 = 1 and d 2 = 1. This then gives d 3 = 2 and thus T n = d n for every n.
For n = 0, we obtain
and thus d 0 = 0, since δ = 0.
For n = 1, we note that δ can be rewritten as
We then obtain
which yields d 1 = 1. For n = 2, we first use the three identities α 3 = α 2 + α + 1, β 3 = β 2 + β + 1 and γ 3 = γ 2 + γ + 1 to simplify Equation 5. This then gives
The elements of degree less than three all cancel, leaving us with δ, as desired.
Note that both sides of Equation 5 contain elements of O L , the ring of integers in L. This allows us to perform modular arithmetic on T n inside O L . Theorem 1.1. Let p be a prime number not equal to 11 or 19. Then T p−1 is divisible by p if and only if p = x 2 + 11y 2 for some x, y ∈ Z.
Proof. Let p be a prime of L lying over p. For p = 2, we clearly have that the theorem holds. We now suppose that p = 2. Note that the elements occurring in Equation 5 are elements in O L , which we can reduce modulo p. Doing this for n = p − 1 yields
